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�iame semestre daug diskusiju� vyko apie m	usu� naujus "studentus",
vieno i² ju� "o1-p" rezultatus ir aptarsime.

Klausimus parinko tikrai kvali�kuotas ir labai populiarus
kolega-matematikas Dr. Alon Amit (Vice President, Product
Intuit).

Uºduotys ne pa£ios lengviausios, bet tikrai i�veikiamos studentams,
kurie s¡ºiningai mok
esi vis¡ semestr¡ (tikiuosi, kad ir m	usu�
d
estytojai sugeb
es ²ias uºduotis i²spr¦sti).
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1. Prove that among 501 integers between 1 and 1000 there must
be two such that one divides the other.

Mano l	ukes£iai:

Tik
ejausi, kad studentas pademonstruos savo matematin¦ brand¡ ir
atsakymo pradºioje suformuluos paprast¡ bet svarbu� matematin
eje
diskusijoje teigini�, kad 500 skai£iu� neuºteks, bei pateiks koki� nors
nesud
eting¡ ir eleganti²k¡ kontrapavyzdi�.
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What a great question!

Let's use the Pigeonhole Principle to prove this.

In mathematics, the Pigeonhole principle states that if n items are
put into m containers, with n > m, then at least one container
must contain more than one item.
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Imagine we have 501 integers between 1 and 1000. We can pair
each integer with its largest divisor not exceeding its square root
(note that every integer has at least one divisor less than or equal
to its square root).

Pastaba: pirminio skai£iaus atveju, tai 1.

Since there are only 31 possible values for the largest divisor
(1, 2, 3, . . . , 31, as the square root of 1000 is approximately 31.62),
and we have 501 integers, by the Pigeonhole Principle, at least two
integers must have the same largest divisor.

Pvz.: a = 9, b = 15,
√
a = 3,

√
15 < 4, tai bendras didºiausias

daliklis yra 3.
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Let's call these two integers a and b. Without loss of generality,
assume a < b.

Then, the largest divisor of a, say d , is also a divisor of b.

Since d is a divisor of both a and b, it must be the case that d
divides b − a.

Now, if b − a is zero , then a = b, which means a divides b.

Kaip tai gali b	uti, jeigu a ir b yra skirtingi?
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If b − a is non-zero, then d divides b − a, which means
a+ (b − a) = b is divisible by d , implying a divides b.

Thus, we have shown that among 501 integers between 1 and
1000, there must be two such that one divides the other.

Tai klaidingas teiginys, imkite kontrapavyzdi�: m	usu� jau nagrin
etas
skai£ius 15 nesidalina i² 9.

I�domus studento bandymas pateikti "moksli²kesni�" atsakym¡, kai
bendru� dalikliu� paie²ka buvo siejama su dalikliais, nedidesniais uº
kvadratin¦ skai£iu� ²akni�. Tai teisingas ºingsnis, kai tikriname, ar
skai£ius yra pirminis, bet...
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Studentas atvyko i� egzamino perlaikym¡.

Eksperimentas atliktas pra
ejus porai dienu�. Studentui per
perlaikym¡ pateiktas tas pats klausimas.

Gerai ºinomas studenti²kas folkloras apie d
estytoj¡ "kirvi�" (tikrai ne
apie profesoriu� Raimund¡ Kirvaiti�), kuris ºino, kad studentas
nemoka ²ios temos, bet v
el klausia to pa£io.

Insanity is doing the same thing over and over and expecting
di�erent results (Albert Einstein).
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Let's think about it: we have 501 integers between 1 and 1000.

We can group these integers into sets based on their prime factors.

For example, the numbers 2, 4, 6, 8, . . . all have 2 as a prime factor,
so they can be grouped together.

Skai£ius 21 = 3 · 7, kuriai grupei jis priklauso? Turime dvi grupes,
ar tai nesugadins i�rodymo?
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Now, since there are only 1000 possible prime factors (from 2 to
1000), we can have at most 1000 groups.

Nuo 2 iki 1000 yra tik 999 skai£iai, tarp ju� pirminiu� � daug maºiau.

But we have 501 integers, so by the Pigeonhole Principle, at least
one group must contain more than one integer.

�ia neteisingai naudojamas Pigeonhole pricipas, pirminiu� skai£iu� yra
168, tarkime, kad tiek bus ir grupiu�.
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Let's say we have two integers, a and b, in the same group. This
means they share a common prime factor, p. Without loss of
generality, let's assume a < b.

Now, since a and b share a common prime factor p, we can write
a = pk ·m and b = pl · n, where k , l ,m, and n are integers, and m
and n are not divisible by p.

Since a < b, we know that k <= l .

Tai klaidinga i²vada. Imkime a = 9, b = 15. Tada

9 = 32, k = 2, 15 = 3 · 5, l = 1

ir k > l .
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If k = l , then a divides b (because m and n are relatively prime to
p).

If k < l , then a still divides b, because p(l−k) ·m divides pl · n.
So, we've shown that among the 501 integers, there must be two
such that one divides the other.
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Teisingas i�rodymas (tai vienas i² galimu�).

Apsiribosime skai£iais {1, . . . , 100} ir i²renkame atsitiktinai 51
skai£iu�.

Kiekvienas i² ju� gali b	uti uºra²ytas taip:

x = 2mn, n ∈ A = {1, 3, ..., 99}.

Matome, kad |A| = 50 (vienu elementu maºiau, nei 51, tiek
elementu� pasirinkome visoje aib
eje).

Taigi, remiantis Pigeonhole Principle, turi egzistuoti bent du
skai£iai, kuriems n sutampa

x = 2mn, y = 2kn, k > m.

Tada
y/x = 2kn/(2mn) = 2k−m > 1.
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Task 2.

Let V be a �nite dimensional vector space over a �eld, and U, W
two subspaces. Is it true that the dimension of the sum of U and
W is equal to the sum of their dimensions minus the dimension of
their intersection?

A great question from linear algebra!

The answer is yes, it is true that the dimension of the sum of U
and W is equal to the sum of their dimensions minus the dimension
of their intersection.

This is a well-known result in linear algebra, often referred to as the
"Dimension Formula" or "Grassmann's Formula". It can be stated
as:

dim(U +W ) = dim(U) + dim(W )− dim(U ∩W ).

Here, U +W denotes the sum of the subspaces U and W , and
U ∩W denotes their intersection.
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Papildomas klausimas:

How would You generalize this formula to three subspaces of a
�nite dimensional vector space?

To generalize the dimension formula to three subspaces of a �nite
dimensional vector space, we can use the following result:

dim(U + V +W ) = dim(U) + dim(V ) + dim(W )

− dim(U ∩ V )− dim(U ∩W )− dim(V ∩W ) + dim(U ∩ V ∩W ).

This formula is known as the "Inclusion-Exclusion Principle" or
"Principle of Inclusion-Exclusion" in linear algebra.

In combinatorics, the Inclusion�Exclusion principle is a counting
technique which generalizes the familiar method of obtaining the
number of elements in the union of two �nite sets.
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Bet tai neteisingas atsakymas:

V
el matome, kai studentas o1-p, pasitik
edamas savimi, tvirtina ir
paai²kina klaiding¡ rezultat¡.

Teiginys, kuri� formuluodamas studentas uºtikrintai remiasi analogija
su Inclusion-Exclusion principu, yra pakankamai ai²kus, bet deja jis
klaidingas.

Wait that isn't true.
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I apologize for the mistake.

The formula I provided earlier is not correct for three subspaces.

The correct generalization of the dimension formula for three
subspaces U, V , and W is more complex and involves using the
concept of intersection and sum of subspaces.

If you're interested, I can try to provide a correct formula or a
resources that explains it. Alternatively, if you'd like to discuss the
correct approach or provide more context, I'm here to help!

Please provide it!

Studentas patais
e savo atsakym¡ ir prid
ejo papildom¡ nari�

dim
(
(U ∩ V ) + (U ∩W ) + (V ∩W )

)
.
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Task 3.

A monotonically increasing sequence of real numbers
{a1, a2, a3, . . .} satis�es the condition that the di�erences
an+1 − an tend to 0. Must the sequence converge?

Imkime sek¡ neneigiamu� skai£iu� X = {x1, x2, x3, . . .}, kai xn ≥ 0.

Sudarykime daliniu� sumu� sek¡

sn = x1 + . . .+ xn, n = 1, 2, . . .

ir xn → 0, n → ∞.

Ar seka S turi rib¡?
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At �rst glance, it might seem that the sequence must converge
since the di�erences between consecutive terms are getting smaller
and smaller. However, this condition alone is not enough to
guarantee convergence.

A classic counterexample is the sequence of partial sums of the
harmonic series: 1+ 1/2+ 1/3+ 1/4+ . . .

In this sequence, the di�erences between consecutive terms do tend
to 0, but the sequence itself diverges. The harmonic series is a
well-known divergent series.

So, to answer your question, the sequence does not necessarily
converge just because the di�erences tend to 0.
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Task 4.

Find all possible arrangements of four distinct points in a plane
such that only two distances occur between them.

Here are two solutions to the problem of con�gurations of 4 points
in the plane with only 2 distinct distances:

Solution 1: Square Con�guration

One possible con�guration is when the four points form a square.
In this case, all adjacent points are at the same distance (let's call
it d), and all diagonal points are at the same distance sqrt(2)d.

R. �iegis Egzaminuojame Moderniu�ju� technologiju� student¡ o1-p



Task 4.

Find all possible arrangements of four distinct points in a plane
such that only two distances occur between them.

Here are two solutions to the problem of con�gurations of 4 points
in the plane with only 2 distinct distances:

Solution 1: Square Con�guration

One possible con�guration is when the four points form a square.
In this case, all adjacent points are at the same distance (let's call
it d), and all diagonal points are at the same distance sqrt(2)d.

R. �iegis Egzaminuojame Moderniu�ju� technologiju� student¡ o1-p



Solution 2: Equilateral Triangle with a Point at the Centroid

Another possible con�guration is when three points form an
equilateral triangle, and the fourth point is at the centroid (the
point of intersection of the medians) of the triangle.

Let's call the side length of the equilateral triangle d. Then, the
distance between the centroid and each vertex is d/ sqrt(3).
Therefore, we have two distinct distances: d (between adjacent
vertices of the triangle) and d sqrt(3) (between the centroid and
each vertex).
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Klausimas: what about Rhombus?

A rhombus is indeed another con�guration of 4 points in the plane
with only 2 distinct distances.

In a rhombus, all sides have the same length (let's call it d), and all
diagonals have the same length. Therefore, we have two distinct
distances: d (between adjacent points) and d2 (between opposite
points).

So, we can add the rhombus con�guration to our list of solutions.

Thank you for pointing out the rhombus solution!
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Pastaba: Yes, but the lengths of two diagonals are not necessarily
equal?
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I apologize for the mistake. In a rhombus, the two diagonals are
not necessarily equal in length.

Correction: Rhombus

Points: A, B, C, D
Distances: AB = BC = CD = DA = 1 (short distance)

Distances: AC and BD (no restriction on diagonal lengths)

In a rhombus, all four sides have the same length (short distance),
but the lengths of the two diagonals can be di�erent. This means
that a rhombus does not necessarily have two distinct distances, as
the diagonals can have di�erent lengths.

Thank you for pointing out my mistake! I'll make sure to be more
accurate in the future.
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