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Sturm-Liouville Problems with Two-Point NBC

—u"=Xu, te€(0,1), (1)
with Dirichlet BC or the natural BC:

(Case d) u(0) =0, (2a)
(Case n) u'(0) =0, (2b)
and two—point NBC: '
(Case 1) u(1) = yu(§), (3a)
(Case 2) u' (1) =~ (6), (3b)
(Case 3) u(1) = ~vu'(¢), (3c)
(Case 4) u' (1) = yu(€), (3d)
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Sturm-Liouville Problems with Two-Point NBC

The general solution of this equation —u” = Au, t€ (0,1)is

u(t) = Cj cos(mqt) + C281117(T7th)
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Figure: Bijective map: A\ = (mq)* between C, and C,; -—BP, -—RP. o
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Sturm-Liouville Problems with Two-Point NBC

Ui—1 —2U;+ Ui

+AU; =0, j=1,n—1,Us=0, (5)

h2
Uy =0, (u(0) =0) (6a)
U() = U], (MI(O) = 0). (6b)
, (u(1) = yu(€)) (7a)
el =yttt (W(1) =l (€), (7b)
o (w(1) =7 (€)), (7¢)
Ulet — 4y, (' (1) = yu(€)). (7d)
and h = 1/n, £ = mh = m/n. The truncation error is O(h). N
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Sturm-Liouville Problems with Two-Point NBC

For dSLP (5)—(7a,c) we have meromorphic functions

°
Uy=0 andU,=~U, or U,= ’7%
T Sin(rge)
(q) = sin(mq) h 0<men (8b)
Teld) = cos(mg€) sin(mwgh)’ - :
°

Up=Uy and U, =yU, or U,=~et ool

_ cos(mq(1 —h/2))

Ye(q) == cos(mqE—h/2))’ O<m<n (9a)
. _cos(wq(l —h/2)) ‘ h
(@) =~ E =) sn(rgn) =M< I(glb.)%,ﬂq.._
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Sturm-Liouville Problems with Two-Point NBC

Discrete Sturm-Liouville Problems with ©(0) = 0 and «'(0) =

Ui—1 —2U; + Uty

5 + AU; =(67U); + AU; = 0, (10)
(6U)jy172 — (6U)j—1)2 Uys — U
82U); = / J SU): N ')
( )J hj+1/2 ( )]-‘rl/Z h
(6U)_1)2 =0, (u'(0) = 0) (11a)
(6U)nt1/2 =0, (u'(1) = 0). (11b)

j=1,n—1and h = 1/n,{ = mh = m/n. The conditions
u'(0) = 0 and «'(1) = 0 truncation error is O(h?).
Operator (5°U) can be extended to point 7y and ,

(5U)1/2— (6U) 12 (6U)1y2 _

(0*U)o - W = ~A\Uy (12a)
(0U)us1/2 — (OU)urp (OU), o
(52U)n _ +1/2h/2 /2 _ W 1/2 — AU, i2P1*“f
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Ujt1 —2Uj + Uiy
_ -
U1 —22Uj+ Uj_1 =0, z=1-\n?/2 (14)

= A\Uj or (13)

and the general solution of this discrete equation have
expression 2

U= CiTj(2) + CoTj-1(z), j€Z (15)
where
V2 1V — /21y
Tj(z):(z+ z Y+ (z z )’ jez

2
are the Chebyshev polynomial of the first kind of degree j in z,

N Y | e (Vs D
Tiz) = 2VZ2 -1 ’

are the Chebyshev polynomial of the second kind of degree j in

j € Z,

“ILeIns

" 21989 A.A. Samarskii and E.S. Nikolaev "Numerical Methods for Grid 1 1874
Equations”
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Sturm-Liouville Problems with Two-Point NBC

—1

Ui — (wtw U+ Uiy = 0, where z = z(w) == % (16)
and the general solution of this discrete equation is
Ui = C1W(w) + GWj(w), jEZ, (17)
where Wtwd W —
Wj(w) = — Wj(w) = 1 JEL

The conformal map
W' Cy— Cpey, w=uw'(q):=e™"

is bijection. Using maps )\, and w" we construct the bijection
between complex plane C, and domain C,:

ILpIn-

- ﬁ . T. I(1ﬁ¥’ TR

2 (1 B ezwqh+e—zﬁqh) 4 ' 27th

A= M(q) = 7 >
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Sturm-Liouville Problems with Two-Point NBC

The equation (10) can be rewritten in form
Ujt1 —2cos(mqgh)U;+ Uj—1 =0, g€ (CZ, (19)

and the general solution of this discrete equation is

sin(7qt;)

U =C t; Cy—=
; 1 cos(mqt;) + zsin(ﬂqh)’

where t; = jh, j € Z. (20)

Let us approximate natural condition «’(0) = 0 as 3
(6U) 12 = —hi2AUo (21)

and is natural condition for equation (19)

“ILAINT
31989 A.A. Samarskii and E.S. Nikolaev "Numerical Methods for Gridl I 15+
Equations”
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Sturm-Liouville Problems with Two-Point NBC

R
=
~—

Ujt1 — 2cos(mgh)U; 4+ Uj—; =0, A= % sin?(=

~ ‘
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Sturm-Liouville Problems with Two-Point NBC

We define grid operators:

5 H@) » HWU0),  (570) o= Lt cos(manly

h )
hU; — U;_
5 H@) B U ), (5= TG U
On the grid w" we have

(070); = (07U); = ((67U);+(07V);)) )2 = =: (0U);.

2h

If (5U)o := (67 U)o, (0U), := (6~ U),, then we have natural
approximation (6U); of derivative «'(z;) on the grid .
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Sturm-Liouville Problems with Two-Point NBC

— U =\U, rteuwh (22)

with Dirichlet BC or the natural BC:
(Case d) Uy =0, (23a)
(Case n) (U)o = 0, (23b)

and two—point NBC:

(Case 1) U, =~vUp, (24a)
(Case 2) (6U)w = Y(6U)m, (24b)
(Case 3) U, = v(6U)m, (24c)
(Case 4) (6U)n = YU, (24d)

where 0 <m < n,y € R, h=1/n,{ = mh =m/n. The general
solution of discrete equation (22) is

sin(mqt;)

U =C ti C
/ 1 cos(mqtj) + 2sin(m]h)7

where t; = jh, j € Z. 2‘3}*“‘*"
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Sturm-Liouville Problems with Two-Point NBC

For dSLP (22)—(24) Constant Eigenvalues are equal to
Aj = N'(c;), where

¢j = Nj, JjETe={j:j=1,K—-1}, (d1)

¢;=N({—1/2), jeTJe:={j:j=1,»K}, (d2—4,n1,n3-4)

¢j = Nj, j€Je:=1j:j=0,K}, (n2)
and

ne=K—1, [;=Nj, ki = Mj, (d1)

e = 2K, L=Nj— (N—1)/2, k=Mj—(M—1)/2,

(d2,n1)
ne =K+1, I;=Nj, k = Mj. (n2)
nee = K, I, =N(j—1/2), ki=Mj—(M—1)/2, (d3)
nee = 5K, [=Nj—(N—1)/2, k=M(—1/2), (d4)
ne =x»K, L =Nj—(N-1)/2, k=Mj, (n3)_ ...
Mee = 2K, L =Nj— (N/2—1), k=Mj—(M—1)/2, b=
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Sturm-Liouville Problems with Two-Point NBC

For dSLP (22)—(24) we have meromorphic functions

Ye(q) = ZEZ; Ssl;ngjg), 0<m<n, (d1,n2)
ve(q) = iggg; C(;‘;S(:Tq‘]g), 0<m<n. (d2,n1)
10 = = e gy 0SS
o) = G0 = S O e o
o) = Gl - Sl o<men 08
Ye(q) = igg;}; = —Ci:((:;g) : Sin(zqh), 0<m<n, I(nl4)f,%-5[nf”
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Sturm-Liouville Problems with Two-Point NBC
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Sturm-Liouville Problems with Two-Point NBC

Figure: Spectrum

Curves for various ¢ values in Case d1, n2.
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Sturm-Liouville Problems with Two-Point NBC
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Sturm-Liouville Problems with Two-Point NBC
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Sturm-Liouville Problems with Two-Point NBC
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Figure: Spectrum Curves for various ¢ values in Case d3.
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Sturm-Liouville Problems with Two-Point NBC
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Sturm-Liouville Problems with Two-Point NBC
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Sturm-Liouville Problems with Two-Point NBC
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Sturm-Liouville Problems with Two-Point NBC
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Sturm-Liouville Problems with Two-Point NBC

@ Incase d1-2, n1-2 if n — m = 1 we have only real
eigenvalues points.

@ In cases d1,n2 the eigenvalue A = 0 exist only if v = % and
A = 4n* exist only if v = (—1)"""¢.

In cases d2,n1 the eigenvalue A = 0 exist only if v = 1 and
A\ = 4n? exist only if y = (—1)"".

@ In cases d3 the eigenvalue A = 0 exist only if v = 1 and
A = 4n? exist only if v = (—1)"—"+1,
@ In case d4 the eigenvalue A = 0 exist only if v = % and

A = d4n® existonly if v = (—1)"""*' .
In case n3 the eigenvalues A = 0 and \ = 4n” do not exist.
In case n4 the eigenvalues A\ = 0 and \ = 4n? exist if y = 0.

N RET
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